Modelling of Lateral Human Walking Force by Self-sustained Oscillator  by Kumar, Prakash & Kumar, Anil
 Procedia Engineering  144 ( 2016 )  945 – 952 
Available online at www.sciencedirect.com
1877-7058 © 2016 The Authors. Published by Elsevier Ltd. This is an open access article under the CC BY-NC-ND license 
(http://creativecommons.org/licenses/by-nc-nd/4.0/).
Peer-review under responsibility of the organizing committee of ICOVP 2015
doi: 10.1016/j.proeng.2016.05.121 
ScienceDirect
12th International Conference on Vibration Problems, ICOVP 2015 
Modelling of Lateral Human Walking Force by Self-Sustained 
Oscillator  
Prakash Kumara,*, Anil Kumara 
a,
 Department of Mechanical and Industrial Engineering, IIT Roorkee, 247667, India  
Abstract 
Several structures such as footbridges, stadiums and floors are subjected to human walking load. Due to aesthetic demand and new 
construction technology, these structures are getting slender and as a result prone to large amplitude vibration. In order to study 
these cases, an appropriate force model of pedestrian is required. For a pedestrian, the walking motion is self-sustained and periodic 
in nature. Moreover, it produce the required energy itself to maintain its motion. Therefore, the pedestrian can modelled as a self- 
sustained oscillator, which produced three phenomena: (i) self-sustained walking motion (ii) periodic lateral force signal and (iii) 
stable limit cycle. In the present study the proposed model has been derived from experimental treadmill data of walking 
pedestrians. Further, the proposed model is a modified form of van der pol Rayleigh oscillator with additional nonlinear terms. 
Computed results from this study have a close agreement with experimental data. 
© 2016 The Authors. Published by Elsevier Ltd. 
Peer-review under responsibility of the organizing committee of ICOVP 2015. 
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1. Introduction 
The aesthetic demands of human beings and advances in material technology have enabled the design and 
construction of light and slender structures, like footbridges, stairways, floors, stadium, etc. On one hand, these 
structures may very well satisfy the design strength criteria; on the other hand, they become more prone to the vibration 
serviceability problems due to human induced dynamic loads [1-4]. For the serviceability analysis of these structures 
under human induced vibrations, a correct modelling of the human-structure interaction is required. Several efforts 
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have been made by researcher to develop a model to produce the phenomenon of human-structure interaction. 
Although, human body is complex dynamic system while Roberts [5] and Macdonald [6] proposed a single degree of 
freedom (SDoF) oscillator to model a pedestrian with different definitions of the restoring force to avoid complexity 
of human dynamics. 
Erlicher et al. [7, 8] proposed a self-sustained modified hybrid Van der Pol/Rayleigh (MHVR) oscillator for 
modelling of lateral force. They have been considered the mass of oscillator equal to the pedestrian mass. The aim of 
present paper is to develop a self-sustained oscillator for better representation of lateral walking force. 
2. Experimental results from literature and interpretation of lateral walking force on rigid floor 
Walking human generate three type of force on rigid floor lateral, vertical and longitudinal. The present study focus 
only on the lateral force. Dynamic equilibrium equation of pedestrian mass (m) in the lateral direction is written as, 
0mu F     (1) 
where u  is lateral acceleration of mass m and F is the lateral force applied by the pedestrian. 
In the present study, experimental data of lateral human walking force has been taken from Erlicher et al.[7]. They 
measured the lateral force at four walking speed 3.75, 4.5, 5.25 and 6.0 km/h with sampling rate of 200 and recording 
time of 30 sec on a treadmill at rigid the floor. FFT of the force signal reveals that the first five peaks are not negligible. 
Therefore, five peaks have been considered correspondingly 1st, 3rd, 5th, 7th and 9th harmonic.  
Since lateral human walking force is periodic in nature so it can be represented as Fourier series [7]. 
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where, F is the lateral walking force and ଵ݂is fundamental frequency of human walking. ܥ௞ is amplitude of kth 
harmonic and ο׎ଵǡ௞ is phase difference of kth harmonic  with respect to first harmonic. 
Lateral acceleration of walking human can be obtained using Eq.(1) and (2). Further, Lateral velocity and 
displacement are obtained by performing the integration of the lateral acceleration.  
The data used in the present study have been listed in Table 1. 
Table 1. Fundamental frequency, mass and Fourier data extracted from experimental data for the pedestrian [7]. 
Speed 
(km/h) 
f1 (Hz) C1 (N) C3 (N) C5 (N) C7 (N) C9 (N) ο׎૚૜ 
ሺ࢘ࢇࢊሻ 
ο׎૚૞ 
ሺ࢘ࢇࢊሻ 
ο׎૚ૠ 
ሺ࢘ࢇࢊሻ 
ο׎૚ૢ 
ሺ࢘ࢇࢊሻ 
m [kg] 
3.75 0.873 28.8 10.8 5.2 3.8 2.5 2.86 5.26 2.1 4.87 69.4 
4.5  0.948 32.9 13.7 5.6 4.2 2.3 3.03 5.43 2.54 5.39 69.7 
5.25  1.013 37.7 17.1 6.8 5 2.45 3.29 6.25 3.9 0.7 69.5 
6.0  1.059 34.1 18.2 5.8 6 3.4 3.44 6.25 3.53 0.45 69.5 
 
Fig. 1. (a) Velocity - displacement plot and (b) 3D plot of force, velocity and displacement of Fourier data of the pedestrian at walking speed 4.5 
km/h. 
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Fig. 1(a) shows velocity - displacement plot or limit cycle of Fourier data of the pedestrian at walking speed 4.50 
km/h. The closed limit cycle indicates that the system is stable. Fig. 1(b) shows 3D plot of force velocity and 
displacement which reflect that force is a function of velocity and displacement. Fig. 2(a) shows a force-displacement 
plot at velocity 4.5 km/h which exhibits the hardening and softening effect. Further, Fig. 2(b) is a force vs velocity 
plot at velocity 4.5 km/h. From Fig. 1 and 2, it has been observed that the plots are symmetric about the origin.  
 
Fig. 2. (a) Force - displacement plot and (b) force - velocity plot of Fourier data of the pedestrian at walking speed 4.5 km/h. 
3. Self-sustained Oscillator and the proposed model 
3.1. Nonlinear Oscillators 
A general expression of a linear oscillator is represented by Eq.(3)  
22 0    u u uP Z      (3) 
The amplitude of oscillation decreases exponentially for µ>0, and amplitude increases exponentially for µ<0. Hence 
linear oscillator does not shows a limit cycle, i.e. isolated closed orbits in phase space. The above stated condition alter 
as nonlinear terms incorporated in the oscillator equation. 
 22 , 0u u u N u uP Z       (4) 
where,  ,  N u u is the combination of various nonlinear terms. Depending on the properties of the system only 
those nonlinear terms have been considered which had more influence on the system behaviour. [9] 
Symmetry about a point in lateral walking force plot restrict the use of quadratic or any other even order terms in 
modelling of lateral walking force as it breaks the required symmetry. Human walking force model for lateral direction 
contain only odd order term to maintain symmetry about the point. 
3.2. Self-sustained Oscillator 
Self-sustained oscillator itself produces the energy to sustain its motion so that it acts in phase with the velocity, 
causing a negative damping that feeds energy into the system. It is an active system that is taken apart, or being isolated, 
continues to oscillate in its own rhythm. This rhythm is entirely determined by the properties of the system itself, it is 
maintained due to an internal source of energy that compensates the dissipation in the system. Such oscillators are 
known as self-sustained or self-oscillatory (auto-oscillatory) systems. [10-12] 
Since human walking is self-sustained and periodic in nature, it produces the energy required to maintain its motion. 
So, oscillator should be able to produce three phenomena: (i) self-sustained walking motion; (ii) periodic lateral force 
signal, and (iii) stable limit cycle. Self-sustained autonomous oscillator has a natural frequency and amplitude, 
representing the natural walking frequency and amplitude of the pedestrian [7, 10, 12]. 
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3.3. Van-der-Pol Oscillator 
Van der pol used self-sustained oscillator for the modelling of human heartbeat [13] which represented by 
 2 20 0- 2 1- 0u u u uPZ E Z     (5) 
Eq.(5) shows that the damping term of van der pol oscillator depends on the square of displacement ( 2u ). The 
effective damping is negative for small value of 2u leads to increase in amplitude of displacement (u), whereas the 
effective damping is positive for large value of the square of displacement ( 2u ) leads to decrease in amplitude. The 
system approaches to a stable limit cycle. Oscillator becomes self-sustained when 0,   >0P E!  [9, 12, 13]. 
 
Fig. 3. (a) Force, (b) limit cycle, (c) force - displacement, (d) force - velocity and (e) FFT plots for the Van der pol oscillator with  ω0=1, m=1, 
μ=0.2 and β=1 in Eq. (5)  
Fig. 3 shows the features of the van-der-Pol oscillator. Maximum velocity occurs in the Ist and IIIrd quadrant of 
phase space with stable limit cycle. FFT shows pronounced peaks at the fundamental frequency ω and its odd higher 
harmonics (3ω, 5ω . .). 
3.4. Rayleigh Oscillator 
John William Strut Rayleigh modelled a musical instrument as self-sustained oscillator in his book “Theory of 
sound” published in 1877-1878[14]. The Rayleigh oscillator having nonlinear term 3u  instead of 2u u  as in the Van 
der Pol oscillator. Rayleigh oscillator can be represented as  
 2 20 02 1 0u u u uPZ G Z       (6) 
Eq.(6) reflects that the damping parameter for the Rayleigh oscillator depends on the square of the velocity ( 2u ). 
Oscillator becomes self-sustained when μ >0 and δ > 0 [9, 12, 14]. 
Fig. 4 shows the features of the Rayleigh oscillator. Maximum velocity occurs in IInd and IVth quadrant of phase 
space with stable limit cycle. Again the FFT has peaks at the fundamental frequency and the odd higher harmonics  
 
Fig. 4. (a) Force, (b) limit cycle, (c) force vs displacement, (d) force vs velocity and (e) FFT plots for the Rayleigh oscillator with ω0=1, m=1, 
μ=0.2 and δ=1/3 in Eq.(6). 
3.5. Modified Hybrid Van der Pol/Rayleigh Oscillator 
Erlicher et al. [7] developed an oscillator by adding a hardening term ( 2u u ), in a hybrid  oscillator which is the 
combination of  Van der pol and Rayleigh oscillator to produce a human walking force called  as Modified Hybrid 
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Van der Pol/Rayleigh (MHVR) Oscillator, represented by Eq.(7). 
 2 2 20 02 1 0u u u uu u uPZ E J G Z         (7) 
Fig. 5 shows the features of the MHVR oscillator. By adding the extra nonlinear term hardening and softening 
effect are clearly visible and the peak in FFT has also been increased. The time series for the modified hybrid oscillator 
is very close to human walking lateral force.  
 
Fig. 5. (a) Force, (b) limit cycle, (c) force vs displacement, (d) force vs velocity and (e) FFT plots for the MHVR oscillator with ω0=1, m=1, 
µ=0.2 , β=1, δ=1/3 and.γ=2 in Eq.(7). 
3.6. Proposed  Oscillator 
The idea of modified hybrid oscillator comes from analysing two oscillators, first one is MHVR oscillator proposed 
by Erlicher et al. [7] and the second is autonomous conservative oscillators proposed by Hamdan and Shabaneh [15], 
represented by Eqs. (7) and (8), respectively. 
 2 2 31 2 0u mu u u uu uH H        (8) 
where, u and ω0  are the lateral displacement and angular frequency of the oscillator respectively.  
In Eq.(8) the first non-linear term, i.e. ݑଶݑሷ  produces softening effect while other two terms (ݑݑሶ ଶƬݑଷ) produce 
hardening effect. A term ݑሶ ଶݑሷ  would also produce a softening effect similar to term ݑଶݑሷ . The hybrid of three well-
known oscillator Rayleigh, Van der Pol and Duffing oscillator are considered as a base for proposed oscillator. The 
nonlinear term ݑሶ ଶݑሷ  has been added to obtain the proposed oscillator i.e. Modified Hybrid Rayleigh Van der Pol 
duffing oscillator represented by Eq.(9). 
 22 2 3 20 0 02 3
0 0
2 1 2 0uuu u u u u u
GPZ E Z N ZZ Z
\ P§ ·      
©¨

¹¸
  (9) 
 
Fig. 6. (a) Force, (b) limit cycle, (c) force - displacement, (d) force - velocity and (e) FFT plots for the proposed oscillator with ω0=1, m=1, 
µ=0.2, β=1, δ=1/3,.κ=-0.7 and ψ=-0.5 in Eq.(9). 
Fig. 6 shows the features of the proposed oscillator. Coefficient of 3u  and 2uu  are taken as negative, so that it 
produce softening and hardening effect respectively. In Fig. 6 (c) hardening and softening effect are clearly visible.  
Fig. 7 shows the comparison between proposed and MHVR oscillator on the basis of Force-displacement plot and 
found that proposed oscillator is better as compare to MHVR oscillator. 
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Fig. 7. (a) Force-displacement plot for model, and (b) force-displacement plot for MHVR at walking speed 4.5 km/h. 
4. Identification of the model parameters 
The model parameters of restoring force are unknown and required to obtained using the experimental data. The 
least square identification procedure is adopted to identify the model parameter. Restoring force can be written as 
  2 3 3 21 2 3 4 5 6, , : p p  p  p p p  F F u u u p u u u u uu u u        (10) 
with 1 2 3 4 5 6, , , , ,
Tp p p p p p p   
P vector is related to model parameter in the following manner.  
2 2
1 0 2 0 3 0 4 5 0 6 2
0 0
2 2
,    2 ,    2 ,    ,    2 ,    
m mp m p m p m p p m pP PZ P Z P Z E G P Z N \Z Z         (11) 
The optimal parameter value p is computed by constrained minimization procedure. Fourier data of one period has 
been consider for obtaining the optimal model parameter. 
5. Results and discussion 
The model parameters for the pedestrian are identified using the Lsqlin function of matlab and tabulated in Table 
2 for all four walking speed. The response of the proposed oscillator represented by Eq. (9) is obtained by the inbuilt 
ODE23 solver of Matlab using above identified parameters. Model force is obtained from the product of mass and 
acceleration. The comparison between Fourier data and model data shows a very good agreement. The correlation 
coefficient is computed for the different Fourier signal and corresponding identified model signal. For these both data 
are considered on a time interval of 20 periods. The Correlation coefficient for a modified hybrid oscillator with 
Fourier series associated with the pedestrian is tabulated in Table 3 for all four speed. 
Fig. 8 (a, b, c) shows a comparison between the experimental Fourier series result of lateral force, lateral velocity 
and lateral displacement with corresponding model result of the pedestrian at walking speeds 4.5 km/h. It seems to be 
a good matching in case of lateral force, but it shows an almost replica in case of velocity and displacement. 
Table 2. Identified parameter associated with the pedestrian for the proposed oscillator. 
 3.75 km/h 4.50km/h 5.25km/h 6.0 km/h 
߱଴ (rad/s) 5.8582 6.8747 7.3769 7.8378 
ߤ  0.3471 0.3894 0.0906 0.4077 
ߚ (m-2) 5445.4506 6873.1437 11297.6098 14334.4918 
ߜ (m-2) 5058.5107 5923.7718 4501.5958 7186.3447 
ߢ (m-2) -2715.1974 -3603.0565 -15717.3496 -5498.4619 
߰ (m-2) -5119.3963 -5011.3259 -20045.3138 -6303.1979 
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Table 3. Correlation coefficient for proposed oscillator with Fourier series associated with the pedestrian. 
 3.75 km/h 4.5 km/h 5.25 km/h 6.0 km/h 
Force  0.9960 0.9968 0.9962 0.9944 
Velocity  0.9995 0.9999 0.9999 0.9998 
Displacement  0.9996 1.0 1.0 1.0 
Limit cycle 0.9995 0.9999 0.9999 0.9998 
Force-velocity-disp 0.9961 0.9968 0.9962 0.9944 
Force - 
displacement 
0.9961 0.9968 0.9962 0.9944 
Force -velocity 0.9961 0.9968 0.9962 0.9944 
 
Fig. 8. (a) Lateral force: (b) lateral velocity (c) lateral displacement for Model and Fourier series results at walking speeds 4.5 km/h. 
Fig. 9(a) shows a comparison between velocity vs displacement plot of experimental Fourier series with the 
corresponding Model result of the pedestrian. Fig. 9(b) shows a 3D plot of force velocity and displacement for Model 
and Fourier series which reflects that the force is a function of velocity and displacement. Fig. 10(a) shows comparison 
between force vs displacement plot of experimental Fourier series with corresponding Model result of the pedestrian 
at walking speeds 4.5 km/h. Hardening and softening effect are present in the model. Fig. 10(b) shows a comparison 
between force vs velocity plot of experimental Fourier series with the corresponding model result. Fig. 9 and 10 shows 
that the model is also symmetric about the point (origin) as experimental Fourier series. 
 
Fig. 9. (a) Limit cycle: and (b) 3D plot of force velocity and displacement for Model and Fourier series results at walking speeds 4.5 km/h. 
 
Fig. 10. (a) Lateral force – displacement plot and (b) lateral force – velocity plot for Model and Fourier series results at walking speeds 4.5 km/h. 
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Fig. 11(a) and (b) shows a comparison between FFT of experimental Fourier force with corresponding model force 
of the pedestrian at walking speeds 4.5 km/h. It is found that the model force FFT shows good correlation with 
experimental Fourier force FFT and match up to the 9th harmonic, although the magnitude of 9th harmonic in the model 
force is small in comparison with Fourier 9th harmonic amplitude.  
 
Fig. 11. (a). Fourier Force FFT; and (b) Model force FFT of the pedestrian at walking speeds 4.5 km/h. 
6. Conclusion 
In the present study, a SDoF self-sustained oscillator has been proposed to model the lateral human walking force. 
The basic Van der Pol, Rayleigh and Duffing oscillator models are used for the development of the proposed model 
for human walking force on the rigid floor. The proposed model shows a good fitting with the experimental data.The 
absence of even harmonic in the experimental data and symmetry about a point, leads to avoid even order term in the 
model. Finally, a linear least square identification technique has been used for the identiﬁcation of model parameters. 
A very good correlation between model results and experiment has been found for the processed data. 
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